Deterministic teleportation of electrons in a quantum dot nanostructure 
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We present a proposal for deterministic quantum teleportation of electrons in a semiconductor 
nanostructure consisting of a single and a double quantum dot. The central issue addressed in this 
paper is how to design and implement the most efficient - in terms of the required number of single 
and two-qubit operations - deterministic teleportation protocol for this system. Using a group- 
theoretical analysis we show that deterministic teleportation requires a minimum of three single- 
qubit rotations and two entangling (y / swap) operations. These can be implemented for spin qubits 
in quantum dots using electron spin resonance (for single-spin rotations) and exchange interaction 
(for y/swap operations) . 

PACS numbers: 73.63.-b, 03.65.Ud, 03.67.Hk, 85.35.Be 
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Quantum teleportation is the process whereby a quan- 
tum state is transported from one place to another with- 
out moving through the intervening space. This process, 
proposed by Bennett et al. [ij, involves a source parti- 
cle (whose quantum state is to be transported) plus two 
entangled particles at a distant location, one of which is 
the target particle (to which the quantum state will be 
transferred). The teleportation procedure is then as fol- 
lows: the two entangled particles are separated and one 
of them is sent to "Alice" , who also holds the source par- 
ticle, while the other is sent to "Bob" . Alice performs 
a joint measurement on her two particles in the Bell ba- 
sis and communicates the result to Bob. Depending on 
this information Bob applies one out of four unitary op- 
erations to his particle which thereby acquires the orig- 
inal quantum state of the source particle. If Alice can 
distinguish all four possible measurement outcomes the 
teleportation process can in principle be completed with 
100% success rate and is called deterministic. If Alice on 
the other hand is only able to perform a partial measure- 
ment on her two particles, the success probability is less 
than 1 and teleportation is probabilistic. 

Probabilistic teleportation has been experimentally 
demonstrated for photons and from one atom to an- 
other within the same molecule Q. Deterministic quan- 
tum teleportation has been achieved for optical fields Q 
and atomic ions Electrons have not been teleported 
yet. In recent years several theoretical proposals have 
appeared for quantum teleportation of electrons, using 
excitons in coupled quantum dots 0, 0] , electron spins in 
a circuit consisting of normal and superconducting quan- 
tum dots [g, electron-hole pairs in a two-dimensional 
electron gas@ , charge qubits in a quantum dot array fiof 
and entangled electron-photon-electron states [llj . Out 
of these proposals, Refs. 6] and [llj are in principle de- 
terministic. 

Here we propose the first all-electronic deterministic 
teleportation scheme for electron spins in a quantum dot 
nanostructure This choice of system is motivated 

by: (1) the high level of control over the number of elec- 



trons confined in quantum dots |l3j . (2) recent advances 
in coherent manipulation of single and entangled pairs 
of spins in these structures and (3) the relative ro- 
bustness of the electron spin against decoherence 
Compared to photons and ions, however, the coherence 
time (T2) of electron spins in quantum dots - although 
it has not been measured yet for a single spin - is ex- 
pected to be orders of magnitude shorter and forms the 
primary limiting factor for coherent quantum communi- 
cation processes such as teleportation. The central ques- 
tion we therefore ask in this paper is how to design the 
most efficient, i.e. the least time-consuming, scheme for 
deterministic teleportation of electron spins. To this end, 
we first examine the teleportation protocol of Bennett et 
al. 0] and note that Alice has some freedom in the choice 
of her measurement basis: it does not need to be the Bell 
basis, any maximally-entangled basis will do. We then 
exploit this freedom to derive the general form of evo- 
lution operators which transform a maximally- entangled 

basis into the standard basis { I |T), |TI)) lit); III)}; which 
is the natural measurement basis in quantum dots. Our 
key result is the demonstration that such an evolution 
operator (and hence Alice's full measurement) cannot be 
implemented using less than one single-spin rotation plus 
two y/swap operations. 

The paper is organized as follows. First we briefly re- 
view the original teleportation protocol ,1] and propose a 
straightforward implementation of this protocol for prob- 
abilistic teleportation of electron spins in a quantum dot 
nanostructure. We then describe how this probabilis- 
tic scheme should be modified in order to be able to 
achieve deterministic teleportation and present our pro- 
posal. The paper ends with a discussion of the various 
time scales involved in the teleportation process and a 
comparison to the state-of-the-art of relevant experimen- 
tal techniques. 

Starting with the scheme of Ref. [l|, if the source 
particle 1 is a spin-1/2 particle in the (unknown) state 
\ip) = \ip^) = a\ t) + b\ i) and the entangled pair 
(2,3) also consists of spin-1/2 particles in the singlet 
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state \ip( 



2,3)\ 



\S) 



7f (|U> - ITT)), then the joint 
state of these three particles is given by the direct prod- 
uct |V> (1 < 2 < 3) ) = ® |^ (2 ' 3) >- Rewriting |V> (1 < 2 < 3) ) in 
terms of the Bell basis states |6i) = -4=(|||) — lit)); 

\b 2 ) = ^(|U) + lit)), |6a> = 7f (ITT) - III)), |6 4 ) = 
f(lTT) + ITT)) for particles 1 and 2 yields |t/>^ 2 - 3 )) 
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|6^ 2) ) (-a|T 3 ) - 6|is» + \b^')(-a\h) + &|is» 
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l3/ + o|i 3 )) + |6^)(-6|T3> + oU 3 »]- If Al- 
ice measures particles 1 and 2 in the Bell basis, Bob can 
reconstruct the original state \ip) by applying an appro- 
priate unitary transformation to his particle 3. 

Probabilistic teleportation. - Fig. ^ shows an imple- 
mentation of this protocol for probabilistic teleporta- 
tion of electron spins in a nanostructure consisting of 
two quantum dots. The electron spins are prepared in 
their respective ground states \ip^) = |T) and |?/^ 2,3 ') = 
\S) ^| [Fig.[Hc)]. In order to convincingly demonstrate 
successful teleportation, one should be able to initialize 
electron 1 in any arbitrary superposition of spin states 
(not only the ground state \\)). This can be achieved 
by coherently rotating the spin of electron 1 using ESR 
[Fig. Old)] which results in = a|f) + 6||). In the 

measurement depicted in Fig. PT L) Alice can only distin- 
guish the singlet from the triplets. If her measurement 
outcome is a singlet, which occurs with probability 1/4, 
the teleportation process can be completed successfully. 
In order to verify that teleportation has indeed been suc- 
cessful, Bob can apply the inverse coherent rotation of the 
one used for initialization in Fig. ^d) to his spin which 
should then be measured with certainty in the |f) state 
[Fig. ^h)]. Note that this scheme is a direct electronic 
analogue of the first demonstration of teleportation with 
polarization-entangled photons by Bouwmeester et al. Q • 

Deterministic teleportation. - In order to achieve de- 
terministic quantum teleportation, Alice has to perform 
a full Bell measurement on her two particles. For elec- 
tron spins in quantum dots, however, no measurement 
technique is available for full Bell measurements: cur- 
rent techniques allow to distinguish singlet from triplets 
and to perform full measurements in the standard ba- 
sis 0, . We therefore use an idea proposed by Bras- 
sard et al. which consists of first transforming from 
the Bell basis to the standard basis and then measuring 
the spins in the latter basis |2(| . The main part of the 
following analysis is devoted to finding the most efficient 
implementation of thisprocedure. We first note that the 
original protocol Ref. |lj is a special case of a more gen- 
eral teleportation protocol. This general protocol allows 
Alice to freely choose her measurement basis, as long as 
it is a maximally-entangled basis. The reason behind 
this freedom is that any maximally- entangled basis can 
be used to measure the particles 1 and 2 without gain- 
ing any information on the state of the source particle. 
This freedom can be exploited to obtain a more efficient 
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FIG. 1: Schematic set-up for probabilistic quantum telepor- 
tation of an electron spin, (a): Explanation of symbols used, 
ESR= electron spin resonance, (b)-(d): Initialization, (e)- 
(f): Joint measurement of spins 1 and 2 in the singlet-triplet 
basis, (g): Reconstruction, (h): Read-out. 



sequence of operations for Alice's measurement. We now 
first describe the general form of a two-qubit operator 
U £ £[7(4) which transforms the standard basis into a 
maximally- entangled basis (in our teleportation scheme 
we need C/ T ). We then derive the most efficient transla- 
tion of this general form into single-qubit rotations and 
two-qubit (y/swap) operations |2lj . 

Any operator U £ SU(4) which transforms the stan- 
dard basis into a maximally- entangled basis has one of 
the forms Ui, U2, or U3, where 



Ui 



= K 1 e 1 ^^R^(p)R^^)R^(OR { "\0 (la) 
= Kiei^^^+^^^R^iOR^HO ee(0,l)(lb) 



with Ki £ SU(2) (g> SU(2), a, t (i = x,y,z) the Pauli 
matrices, Rn\n) a rotation of qubit 1 by an angle /j, 
around axis n and (X, v, £, £ £ [0, 2ir). The mathematical 
proof of Eq. (JIJ makes use of the theory of Lie groups and 
Lie algebra's and relies on the so-called K1AK2 decom- 
position theorem, which says that every U £ SU (4) can 
be decomposed as # ie ^ CT *® CT *+^®^+^ CT *® CT *^, with 
K U K 2 £ SU{2) ® SU{2) and a,/3, 7 £ [0, 2tt) 22\. The 
full proof of Eq. is given in Ref. [23j. Here we pro- 
ceed to translate the operators in Eq. Q into the shortest 
possible sequence of single-spin rotations and ^swap op- 
erations. Starting with the former, Rn^ (a) and Rn^ (a) 
are given by 



flW(a) 



R£\a) 



- hiaI<g)n-(T 



(2) 



3 



with n = (sin 9 cos (j>, sin sin (j>, cos 0) a unit vector on 
the Bloch sphere [06 [0, 7r), 0g[O, 27r)], ct = (cr x , a y , a z ) 
and I the identity matrix. Eq. (J2J originates from the 
evolution operator = exp[— (i/Ti.) J Q Hr{t)<1t] and 

corresponds to an clcctron-spin-resonance (ESR) pulse 
applied to a single spin which is described by the Hamil- 
tonian 7Y^(t) = —htvyB{f)'ff [7 is the gyromagnetic ratio 
and a = —7 f Q B(t)cIt]. Similarly, the ^/swap-operation 
for electron spins in quantum dots originates from the 
exchange interaction described by the Heisenberg Hamil- 
tonian Ti E x{t) = (l/4)h 2 J(t)a^ ■ a^, with J(t) the 
time-dependent exchange energy, the energy difference 
between singlet and triplets. The time evolution oper- 
ator UEx{t) corresponding to H.Ex(t), or equivalently 
EX(/3) = U EX (t), is given by 
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TABLE I: Spin rotations in the (x,y)-plane which Bob has 
to apply as a function of Alice's measurement outcome (first 
column) in order to reconstruct the original quantum state 
(second column), measure with certainty |f) (third column) 
or |j) (fourth column) if particle 1 has been rotated by an 
angle p [Fig. ffld)]. denotes the axis in the (x,y)-plane 
perpendicular to n$. 
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Here f3(t) = —ft J Q J(t)cIt. EX(tt) represents the swap- 
operation which exchanges the states of two spins. An 
interaction switched on for half this time, EX(n/2), is 
called the ^/swap operation. 

Regarding U1-U3 in Eq. QJ, we first note that 
exp[(l/4)i7rer x o~ x ] cannot be expressed as a sin- 
gle ^/swap operation plus rotations. This can 
directly be seen from the form of the matrix 
(•»/swap) t exp [ ( 1 /4) wrer x ® cr x ]. U1-U3 can, however, be 
expressed in terms of two ^/swap operations as 



U = ^/swap (tt) ^/swap 



(3) 



with = (cos <p, sin </>, 0) [2J] . Eq. © is the optimal de- 
composition of Eq. in terms of the number of required 
operations Rewriting U as U = — exp[— (l/4)z7r] J7, 
we find that {/ transforms the standard basis into the 
maximally-entangled basis 

C'lTT) = ^(i|U) + |ir)) (4a) 

U'\U) = -^=(ie- l ^)+e^\ll)) (4b) 

tf'UT) = -^(e^im+ie^Ui}) (4c) 

t^'lTT) = -^e-*MU)+iUT». (4d) 

After Alice has applied U ^ to her two qubits, the appro- 
priate unitary transformations which Bob has to perform 
in order to reconstruct the original quantum state can be 
calculated using the approach in Ref. [2(| and are given 
by (Qi corresponds to measurement outcome |TT), Q2 to 
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Translating Qi into single-spin rotations 
in the (a;, y)-plane |2?| we obtain Q\ = 
R n4> (ir/2)R n ±(Tr/2)R n4) (— ir/2) and similar results 
for Qi — Q4, see Table [I] By applying these transfor- 
mations, the original quantum state is reconstructed 
and remains available for further processing. In order 
to demonstrate that the teleportation process has been 
successful, one could perform an analogous experiment 
as depicted in Fig. ^g) , where Bob rotates the spin of 
his particle after receiving Alice's message such that 
it ends up as |f) or |J.). He should then measure with 
certainty |f) resp. ||). The appropriate rotations Bob 
needs to apply in this case are also given in Table [I] 
The quantum state of the source particle is destroyed 
in this experiment, so it cannot be used for further 
processing. Fig. |2 shows how the set-up of Fig. ^ has to 
be modified for deterministic teleportation. All steps of 
the protocol are the same as in Fig. except for Alice's 
measurement in Fig. ^f), which now consists of the 
operation U [Eq. (J3J] followed by read-out of the two 
spins in the standard basis. Note that this scheme is in 
principle also suitable for entanglement swapping [2^ 
if one starts out with two pairs of entangled spins in 
separate dots: by bringing together and entangling one 
spin of each pair and performing a Bell measurement on 
this newly formed pair the remaining (separated) spins, 
which have never met, become entangled. 

Feasibility.- In this last section we discuss the feasi- 
bility of the proposed teleportation schemes. We first 
note that all of the ingredients (double qua ntum dots 
occupied by two entangled electron spins [Uj, ESR ro- 
tations [2||, , /swap-operations fl3l . si ngle-shot read-out 
techniques for electron spins |l7], [l8|, |30|) are already 
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FIG. 2: Quantum dot set-up for deterministic teleportation 
of an electron. See the text for explanation. 



available. Comparing the duration of an ESR rotation 
~ 50 ns for magnetic fields of 1 mT |2lJ to the duration 
of a ^/swap operation ~ 180 ps and assuming fast 
read-out we see that the total time duration of the tele- 
portation process is mainly determined by the ESR rota- 
tions. For the probabilistic scheme we then find i pro b ~ 
100 ns (corresponding to two rotations) and for the deter- 
ministic scheme t^ ct ~ 150-250 ns (depending on whether 
Bob measures the spin of his particle or not). Telepor- 
tation can thus be completed within the single-spin re- 
laxation time T\ ~ 1 ms 01 • Whether it can also be 
completed before decoherence sets in is as yet unknown. 
Recent measurements indicate that Ti is limited by hy- 
perfine interaction in a GaAs quantum dot and report 
times T 2 * ~ 10 ns 0, \%^. However, using quantum 
control techniques such as spin echo, these times can be 
extended to > 1/xs 14]. This technique has also been 
employed in one of the teleportation experiments with 
ions |5j. 

In conclusion, we have proposed a scheme for determin- 
istic teleportation of electrons in a quantum dot nano- 
structure which involves the shortest possible sequence of 
single-spin rotations and two-qubit (^/swap) operations. 
Due to the high level of control over the system, tele- 
portation can in principle be achieved with 100% success 
rate at the "push of a button", similar as in the experi- 
ments with ions |33j . To actually perform the proposed 
experiment is challenging, mainly due to the required 
fast coherent rotations and read-out, but does not seem 
unfeasible. 
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